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VROXWLRQV�HPSOR\�VXUIDFH�PHVK�DW�DOO�RI� WKH�ERXQGDULHV�� ,Q�RUGHU� WR�PRGHO� WKH� OLQHDU� IUHH�VXUIDFH��
%(0�FDQ�EH�PRGLILHG�WR�D�VLPSOH�IRUP�FDOOHG�*UHHQ�)XQFWLRQ�0HWKRG��*)0��
,Q� WKLV�SDSHU�D�GHYHORSHG�FRGH� LV�DSSOLHG�*)0�WR�VHYHUDO�SUREOHPV�LQFOXGLQJ�IORZV�DURXQG�VKLSV�
DQG�WKH�UHVXOWV�DUH�SUHVHQWHG��
7R�YHULI\�WKH�DFFXUDF\�DQG�DSSOLFDWLRQ�RI�WKH�FRGH��LW�LV�DSSOLHG�WR�IORZV�DURXQG�DQ�DQDO\WLFDOO\�ERG\�
ZKLFK�LV�:LJOH\�KXOO�DQG�UHVXOWV�DUH�LQ�JRRG�DJUHHPHQW�ZLWK�DYDLODEOH�GDWD�
7KH�ZDYH�PDNLQJ�SURSHUWLHV�DUH�DOVR�LQYHVWLJDWHG��9DULDWLRQV�RI�WKH�ZDYH�SDWWHUQ�YHUVXV�WKH VSHHG�
DUH�VWXGLHG��DQG�D�TXDQWLWDWLYH� LQYHVWLJDWLRQ�RI� WKH� IRUFHV� LV�SHUIRUPHG�� ,Q�DGGLWLRQ�� WKH�HIIHFWV�RI�
OLQHDU� VROXWLRQ�DUH�VWXGLHG��3UHVHQWHG� UHVXOWV�DQG�FRPSXWHU�FRGH�FDQ�EH�XVHG� WR�RSWLPL]H� WKH�KXOO�
IRUPV�IRU�GHFUHDVLQJ�ZDYH�PDNLQJ�UHVLVWDQFH�
.H\ZRUGV� )UHH�6XUIDFH��:DYH�0DNLQJ� UHVLVWDQFH��%RXQGDU\�(OHPHQW�0HWKRG��*UHHQ� )XQFWLRQ�
0HWKRG

1RPHQFODWXUH�
: ��7KUHH�GLPHQVLRQDO�GRPDLQ Q ��'LUHFWLRQ�RI�QRUPDO�YHFWRU
* ��%RXQGDU\�RI�GRPDLQ �[�\�]� ��&DUWHVLDQ FRRUGLQDWHV
I ��3RWHQWLDO�RI�YHORFLW\ ���� ]K[ ��&RRUGLQDWHV�RI�VLQJXODU�SRLQW�
Z ��:HLJKW�IXQFWLRQ T ��'LUHFWLRQ�RQ�IUHH�VXUIDFH
G ��'LUDF�'HOWD�IXQFWLRQ / ��2YHUDOO�OHQJWK�RI�VKLS
* ��*UHHQ�IXQFWLRQ % ��%UHDGWK�RI�PLGVKLS
. ��:DYH�QXPEHU 7 ��'UDIW
S ��$UELWUDU\�SRLQW�LQVLGH�WKH�GRPDLQ )U ��)URXGH�1XPEHU
D ��,QWHUQDO�DQJOH�DW�SRLQW�S
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,QWURGXFWLRQ
)UHH� VXUIDFH� ZDYHV� FUHDWHG� E\� VKLSV�

FDXVH� RQH� RI� WKH� PRVW� LPSRUWDQW� GUDJ�
FRPSRQHQWV�ZKLFK� LV�FDOOHG�ZDYH�PDNLQJ�
UHVLVWDQFH�� 6HYHUDO� PHWKRGV� DUH� XVHG� WR�
FRPSXWH� ZDYH� UHVLVWDQFH�� 'XH� WR� WKH�
FRPSOLFDWHG� KXOO� IRUPV� DQG� LQWULFDWH�
ERXQGDU\� FRQGLWLRQV�� DQDO\WLFDO PHWKRGV�
DUH� QRW� DSSOLFDEOH�� ,Q� DGGLWLRQ�� REWDLQLQJ�
WKH�H[SHULPHQWDO�UHVXOWV�LV�YHU\�H[SHQVLYH��
7KHUHIRUH� QXPHULFDO� PHWKRGV� DUH� YHU\�
DWWUDFWLYH�DQG�LPSURYHG�LQ�UHFHQW�\HDUV�

0RGHUQ� FRPSXWHU� WHFKQRORJ\� HQDEOHV�
VLPXODWLRQV�RI�IUHH�VXUIDFH�IORZV�DURXQG�D�
UHDOLVWLF�VKLS�KXOO�DQG�JUHDWO\�LPSURYHV�WKH�
DFFXUDF\� RI� WKH� SUHGLFWLRQV� RI� OLQHDU� VKLS�
PRWLRQV�� :LWK� WKH� VFKHPHV� RI� ILQLWH�
GLIIHUHQFH�� ILQLWH� HOHPHQW�� DQG� ERXQGDU\�
HOHPHQW� DV� WKH� FKRLFH� IRU� WKH� QXPHULFDO�
DOJRULWKP�� WKH� ERXQGDU\� HOHPHQW� PHWKRG�
KDV�EHHQ�HVWDEOLVKHG�DV�D�SRSXODU�DSSURDFK�
IRU�IUHH�VXUIDFH�ZDYH�FRPSXWDWLRQV�RZLQJ�
WR� LWV� HIILFLHQF\�� DFFXUDF\� DQG� IOH[LELOLW\��
3RWHQWLDO� IORZ� EDVHG� SDQHO� PHWKRG� DUH�
EDVHG� RQ� *UHHQ¶V� WKHRUHP� ZKLFK� UHODWHV�
SURSHUWLHV�RI�IORZV�ZLWKLQ�D�GRPDLQ�WR�WKH�
GRPDLQ� ERXQGDU\� FRQGLWLRQV�� 7KH�
SLRQHHULQJ� ZRUN� RI� +HVV� DQG� 6PLWK� >�@�
FKDQJH� SDQHO�PHWKRGV� LQWR� WKH� QXPHULFDO�
FDOFXODWLRQ� DQG� VLPXODWLRQ� RI� SRWHQWLDO�
IORZV� IRU�ERGLHV�RI�JHQHUDO� VKDSHV��7KHUH�
DUH� QRUPDOO\� WZR� W\SHV� RI� DSSURDFKHV�
WRZDUGV� WKH� QXPHULFDO� VROXWLRQ� RI� IUHH�
VXUIDFH� IORZV�� 7KH� ILUVW� RQH� LV� WR� DGRSW�
OLQHDUL]HG� IUHH� VXUIDFH� ZDYH� *UHHQ�
)XQFWLRQ�DV�WKH�VLQJXODULWLHV�GLVWULEXWHG�RQ�
WKH� VXEPHUJHG� KXOO� VXUIDFH� DQG� WKH�
XQLIRUP�DV�WKH�EDVLV�IORZ��/LDSLV�>�@��.LQJ�
>�@�� %HFN� DQG�0DJHH� >�@�� .RUVPH\HU� >�@�
DQG� %LQJKDP� >�@��� :KLOH� WKLV PHWKRG� LV�
HOHJDQW� LQ� HQIRUFLQJ� IUHH� VXUIDFH�
FRQGLWLRQV� DQG� UDGLDWLRQ� FRQGLWLRQV� �WKH�

OLQHDUL]HG� IUHH� VXUIDFH� FRQGLWLRQV� DUH�
VDWLVILHG� DXWRPDWLFDOO\� DQG� WKHUH� LV� QR�
QHHG� WR� GLVFUHWL]H� WKH� IUHH� VXUIDFH�
GRPDLQ��� LW� LV� GLIILFXOW� WR� H[WHQG� WKH�
VFKHPH�WR�QRQOLQHDU�VROXWLRQV��6FODYRXQRV�
>�@��� 7KH� RWKHU� DSSURDFK�� WKH� 5DQNLQH�
3DQHO� 0HWKRG�� ZDV� ILUVW� LQWURGXFHG� E\�
*DGG�>�@�DQG�'DZVRQ�>�@��ZKR�HPSOR\HG�
WKH� GRXEOH� ERG\� IORZ� DV� WKH� EDVLV� IRU�
OLQHDUL]DWLRQ�� FKRVHQ� SULPDULO\� WURXJK�
SK\VLFDO� LQWXLWLRQ�� 7KH� IUHH� VXUIDFH� LV
GLVFUHWL]HG� LQWR� TXDGULODWHUDO� SDQHOV� DQG�
FRYHUHG� E\� WKH� 5DQNLQH� VRXUFHV� DQG�
GLSROHV�� 7KLV� VR� FDOOHG� 5DQNLQH� 3DQHO�
0HWKRG� �530�� SURYLGHV� PXFK� IOH[LELOLW\�
IRU� GLIIHUHQW� NLQGV� RI� IUHH� VXUIDFH�
IRUPXODWLRQV� DQG� QXPHULFDO� DOJRULWKPV��
DQG� PRGHOV� ERWK� VWHDG\� DQG XQVWHDG\�
ZDYH� IORZV� �1DNRV� >��@�� 5DYHQ� >��@��
-HQVHQ�� %HUWUDP� DQG� VRGLQJ� >��@� DQG�
.ULQJ�>��@���

,Q�WKLV�SDSHU��D�NLQG�RI�*)0�IRU�VWHDG\�
VWDWH� IUHH�VXUIDFH� SRWHQWLDO�IORZ� SUREOHP�
LV� HPSOR\HG� WR� GHYHORS� D� FRPSXWHU� FRGH�
ZKLFK� FDOFXODWHV� ZDYH� PDNLQJ� UHVLVWDQFH
DQG�WKH�ZDYH�SDWWHUQ�RI�VKLSV��7KLV�PHWKRG�
XVHV� D� GLVWULEXWLRQ� RI� VRXUFHV� ORFDWHG� RQ�
WKH�ZHWWHG�VXUIDFH�RI�WKH�VKLS�WR�UHSUHVHQW�
WKH�YHORFLW\�SRWHQWLDO�

*RYHUQLQJ�(TXDWLRQV
:H�FDQ�GHYHORS� WKH� ERXQGDU\� HOHPHQW�

PHWKRG� IRU� WKH� VROXWLRQ� RI� � /DSODFH¶V�
(TXDWLRQ�� ��  � I ��LQ�D�WKUHH�GLPHQVLRQDO�
GRPDLQ: ��7KH�EDVLF�VWHSV�DUH�LQ�IDFW�TXLWH�
VLPLODU� WR� WKH� ILQLWH� HOHPHQW� PHWKRG� �:H�
ILUVWO\�PXVW�IRUP�DQ�LQWHJUDO�HTXDWLRQ�IURP�
WKH� /DSODFH¶V� (TXDWLRQ� E\� XVLQJ� D�
ZHLJKWHG� LQWHJUDO� HTXDWLRQ� DQG� WKHQ� XVH�
WKH� *UHHQ�*DXVV� WKHRUHP�� %\� XVLQJ�
ZHLJKWHG� LQWHJUDO� HTXDWLRQ� LV� UHVXOWHG�
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(TXDWLRQ� ���� LV� WKH� VWDUWLQJ�SRLQW� IRU� WKH� ILQLWH� HOHPHQW�PHWKRG��7R�GHULYH� WKH� VWDUWLQJ�
HTXDWLRQ�IRU� WKH�ERXQGDU\�HOHPHQW�PHWKRG�ZH�XVH�WKH�*UHHQ�*DXVV�WKHRUHP�DJDLQ�RQ�WKH�
VHFRQG�LQWHJUDO��7KLV�JLYHV�
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)RU� WKH� ERXQGDU\� HOHPHQW� PHWKRG� ZH� FKRRVH� Z WR� EH� WKH� IXQGDPHQWDO� VROXWLRQ� RI�
/DSODFH¶V�(TXDWLRQ��7KH�IXQGDPHQWDO�VROXWLRQ�IRU�/DSODFH¶V�(TXDWLRQ�LV�D�VROXWLRQ�RI�

������  ����� ]\[Z ]K[G ���
:H� VROYH� WKH� DERYH� HTXDWLRQ� ZLWKRXW� UHIHUHQFH� WR� WKH� RULJLQDO� GRPDLQ� *� RU� RULJLQDO�

ERXQGDU\�FRQGLWLRQV��,Q�RWKHU�ZRUGV��WKH�PHWKRG�LV�WR�WU\�DQG�ILQG�VROXWLRQ�WR� ��  � Z LQ�
�'� ZKLFK� FRQWDLQV� D� VLQJXODULW\� DW� WKH� SRLQW ���� ]K[ �� ,I� Z VDWLVILHV� WKH� OLQHDUL]HG� IUHH�
VXUIDFH�FRQGLWLRQV� LV�QR�QHHG� WR�GLVFUHWL]H� WKH� IUHH�VXUIDFH�GRPDLQ��:HKDXVHQ�	�/DLWRQH�
>��@�REWDLQHG�WKH�VROXWLRQ�IRU�OLQHDU�IUHH�VXUIDFH�DURXQG�VKLSV��7KH\�LQWURGXFHG�Z IRU�GHHS�
ZDWHU�DV�
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7KXV�ZH�JHW�WKH�ERXQGDU\�LQWHJUDO�HTXDWLRQ�
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,I� SRLQW� S� KDSSHQV� WR� OLH� DW� VRPH� QRQ�
VPRRWK� SRLQW� H�J�� D� FRUQHU�� WKHQ� WKH�
FRHIILFLHQW� �� SF LV� UHSODFHG�E\� S

D
� ZKHUH�

D LV�WKH�LQWHUQDO�DQJOH�DW�SRLQW�S�
(TXDWLRQ� ���� LQYROYHV� RQO\� WKH� VXUIDFH�

GLVWULEXWLRQV� RI�I DQG� Qw
wI DQG� WKH� YDOXH�

RI�I DW�D
SRLQW� S��2QFH� WKH� VXUIDFH� GLVWULEXWLRQV�

RI�I DQG� Qw
wI DUH�NQRZQ��WKH�YDOXH�RI�I DW�

DQ\� SRLQW� S� LQVLGH�: FDQ� EH� IRXQG� VLQFH�
DOO� VXUIDFH� LQWHJUDOV� LQ� (TXDWLRQ� ���� DUH�
WKHQ�NQRZQ��7KH�SURFHGXUH� LV� WKXV� WR�XVH�
(TXDWLRQ� ���� WR� ILQG� WKH� VXUIDFH�
GLVWULEXWLRQV� RI� I DQG� Qw

wI DQG� WKHQ� �LI�
UHTXLUHG�� XVH� (TXDWLRQ� ���� WR� ILQG� WKH�
VROXWLRQ� DW� DQ\� SRLQW :�S �� 7KXV� ZH�
VROYH�IRU� WKH�ERXQGDU\�GDWD�ILUVW��DQG�ILQG�
WKH�YROXPH�GDWD�DV�D�VHSDUDWH�VWHS�

6LQFH� (TXDWLRQ� ���� RQO\� LQYROYHV�
VXUIDFH� LQWHJUDOV�� DV� RSSRVHG� WR� YROXPH�
LQWHJUDOV� LQ� D� ILQLWH� HOHPHQW� IRUPXODWLRQ��
WKH� RYHUDOO� VL]H� RI� WKH� SUREOHP� KDV� EHHQ�
UHGXFHG�E\�RQH�GLPHQVLRQ� �IURP�YROXPHV�
WR� VXUIDFHV��� 7KLV� FDQ� UHVXOW� LQ� KXJH�
VDYLQJV�IRU�SUREOHPV�ZLWK�ODUJH�YROXPH�WR�
VXUIDFH� UDWLRV� �L�H��� SUREOHPV� ZLWK� ODUJH�
GRPDLQV��� $OVR� WKH� HIIRUW� UHTXLUHG� WR�
SURGXFH� D� YROXPH� PHVK� RI� D� FRPSOH[�
WKUHH�GLPHQVLRQDO�REMHFW�LV�IDU�JUHDWHU�WKDQ�
WKDW� UHTXLUHG� WR� SURGXFH� D� PHVK� RI� WKH�
VXUIDFH�

7KXV� WKH� ERXQGDU\� HOHPHQW� PHWKRG�
RIIHUV� VRPH� GLVWLQFW� DGYDQWDJHV� RYHU� WKH�
ILQLWH�HOHPHQW�PHWKRG�LQ�FHUWDLQ�VLWXDWLRQV�

*HRPHWU\�DQG�*ULG
7KH�VKLS�PRGHO�HPSOR\HG�LQ�WKLV�VWXG\�

LV� D� DQDO\WLFDO� :LJOH\� KXOO� IRUP�� 7KH�
:LJOH\� SDUDEROLF� KXOO� LV� FKDUDFWHUL]HG� E\�
VKDUS�HGJHV�DW�WKH�ERZ��VWHUQ�DQG�NHHO��,W�LV�
PDWKHPDWLFDO�IRUP�GHILQHG�E\�
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,Q�WKH��[�\�]� FRRUGLQDWHV�V\VWHP�ZLWK�LQFUHDVLQJ�YDOXHV�RI��[�LQ�WKH�GLUHFWLRQ�RSSRVLWH�WR�
WKH�VKLS¶V�IRUZDUG�PRWLRQ��]�YHUWLFDOO\�XSZDUG��DQG�WKH�RULJLQ�DW�WKH�XQGLVWXUEHG�OHYHO�RI�WKH�
IUHH�VXUIDFH��+HUH�/�LV�WKH�OHQJWK�RI�WKH�PRGHO��%�LV�WKH�EHDP�DW�PLGVKLS�DQG�7�LV�WKH�GUDIW��
)RU�WKH�VHOHFWHG�IRUP��WKH�SDUDPHWULF�YDOXHV�DUH �� %

/ DQG� ��� 7
% �)LJ�����

)LJXUH��� :LJOH\�KXOO�IRUP�

1XPHULFDO�VROXWLRQV�XVH�GLVFUHWL]HG�JHRPHWU\��,Q�RUGHU�WR�GLVFUHWL]H�ERXQGDULHV��ZHWWHG�
VXUIDFH�RI�VKLS��LQ�*)0��WULDQJXODU�HOHPHQWV�DUH�XVHG��7ULDQJXODU�HOHPHQWV�FDQ�ILW�RQ�KXOO�
IRUP�SHUIHFWO\��)LJXUH�����GLVSOD\V�JULG�HPSOR\HG�LQ�WKLV�ZRUN��'XH�WR�V\PPHWULF�FRQGLWLRQ�
RI�KXOO�IRUP��RQO\�KDOI�ERG\�LV�PRGHOHG�

)LJXUH��� 7ULDQJXODU�HOHPHQWV�RQ�KXOO�IRUP
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5HVXOWV
7KH� VROXWLRQ� DOJRULWKP� RXWOLQHG� LQ� WKH� SUHFHGLQJ� VHFWLRQV� KDV� EHHQ� DSSOLHG� WR� WKH�

SUHGLFWLRQ�RI�ZDYH�PDNLQJ�UHVLVWDQFH�FRHIILFLHQW�DW�D�VKRUW�UDQJH�RI�)URXGH�QXPEHUV��7KH�
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