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Abstract 
This paper deals with a free vibration analysis of functionally graded elliptical plates with 

different classical boundary conditions on the basis of polynomial-Ritz method and classical 

plate theory. The proposed admissible function is capable to obtain accurate natural frequencies 

of various classical boundary conditions namely, clamped, free and simply supported edges. 

The mechanical properties of the FG plate are assumed to vary continuously through the 

thickness of the plate and obey a power law distribution of the volume fraction of the 

constituents. The convergency of applied polynomial-Ritz method is investigated. In order to 

verify the accuracy of the present solution, a comprehensive comparison study is performed 
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with the available results in the literature for homogeneous elliptical plate and FG circular plate. 

Also, the numerical results of the present solution for FG elliptical plate are compared with 

those of the finite element method (FEM). Finally, the effects of the plate geometry and 

inhomogeneity on the natural frequencies are investigated and some vibrational mode shapes 

related to symmetric-symmetric, symmetric-antisymmetric, antisymmetric- symmetric and 

antisymmetric- antisymmetric states are presented. 

Keywords: Elliptical plate, Functionally Graded Materials, Natural Frequency, polynomial-Ritz 

method 
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 .6'� $ � �4��� �$ � T	MA� 8,�� ��"� ('�� ���0#�

 �� 
�n |*?�$�E �� �� $ !!3 �F� �� ��V< �	�

9� �C���� @A	3�# 9�	���� ���. �	�  

 S� , ��` �O�	
� 0�A S� , 	� ��	?� ��p  ��� ����

FG ���� ���� Z�� 	� �� .6'� $ � T	MA� $�	' $	E

 S� , �� ��p  �` .�� W�	%A ��� g2%&�  U�� �

.�� ��	' � �Q	N ��� .6'� $ � �4��� � �B'	�� 	�

6'� �B'	�� ��	< ��� �V��� �� g2%&�  U��  
  

[(OMs) (PM)]
%Diff 100

(OMs)

OMs: س����اير روش����ھا 

PMs: روش حاض��ر 

−
= ×

 )bb(  

  

 �S�� , ��� ��%Diff 1  �%Diff 2 L	?A \���� �� -

 9��� �N �� 6BOA �Q	N .�� �	V&  U�� $ !��

9� �� �� L	"�� �N �. �	�  S� , �� �A�RA	"�p  �` 

 6' � W�	%A ��� 9�	= �	�O� 9A��*"� �6'� |*?�

 ���	V� �� Z���� W�	%A � �Q	N f��j+ �� $ ��

] L��	F"� � ��	���>� ��G�,bp T	MA� �N 6�U �[

� $ �9�  ��	� �. !3 

  

  رداريلبه گ يط مرزيشرابا ) Hzبرحسب هرتز ( FG يرويورق دا يهاسه فركانسيمقا -3جدول 

g  n Present ] 8,��bp[  FEM [bp] %Diff 1 %Diff 2 

y y �{�/{��  �{/{��  b^/[p^  yy/y up/y 

 [ �{�/���  ��/���  _y/b_^ yt/y / tt/y 

 b ���/��� tt/`wb `_/`wp [w/y / yb/y 

{  y u[[/[p` ��/{�� `w/[pt y[/y up/y 

 [ �z�/��� [w/b_y _u/b_[ y`/y / tu/y 

 b puw/`uy ��/��z `^/`uy [u/y / yp/y 

�  y .u^b/[pb wy/[pb u_/[pp y[/y ��/�  

 [ .b^w/bwu [^/bwu [`/bw_ y`/y / uu/y 

 b ._yw/`tp y^/`tp `b/`t` {�/� /  [p/y 

t y y^w/[pb [b/[pb [[/[pp yb/y wu/y 

 [ yt_/bwt ^u/bw` ^t/bwu y`/y / u_/y 

 b ��{/��{  yu/`t[ `w/`tb {�/� /  [t/y 

w y ���/{�{ ��/{�{ _p/[pb yb/y wu/y 

 [ `_u/bw` p^/bw` pu/bwu y`/y / u_/y 

 b ���/��� [p/`ty t[/`t[ [u/y / [t/y 

^ y uu^/[p[ u^/[p[ wt/[pb ��/�  _[/y 

 [ [uu/bw` y^/bw` ��/���  yp/y / w`/y 

 b ���/��� ��/��z ^y/`ty [u/y [p/y 

[y y u[t/[p[ u`/[p[ uy/[pb yb/y  w`/y 

 [ ytt/bw` ^u/bwp �z/���  yp/y / uu/y 

 b [bp/`ty `b/``^ w`/`ty [u/y / [`/y 
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  نشريه مهنــدسـي دريــا

  گاه سادههيتك يط مرزيبا شرا) Hzبرحسب هرتز ( FG يرويورق دا يهاسه فركانسيمقا -4جدول 

g n 	N �����Q ] 8,��bp[  FEM [bp] %Diff 1 %Diff 2 

y  y  _ut^/��  _u/uu bw/uw yy/y uy/y 

 [ p[[/[__  p[/[__ t_/[_^ y[/y / uw/y 

 b [yp/p`w y`/p`w pu/p`^ yy/y ut/y 

[ y  yb__/��  yp/ut pw/ut y[/y tb/y 

 [ [pw/[_p [u/[_p p_/[_` yp/y / uw/y 

 b tuw/ppw `u/ppw w_/pp^ y[/y ut/y 

p y  [yb[/u` [[/u` t[/u` y[/y up/y 

 [ tbw/[_y tt/[_y ^t/[_[ yy/y w_/y 

 b wtu/ppb wt/ppb p[/ppt y[/y wu/y 

t y  _[`u/up _b/up bp/u` yb/y ut/y 

 [ w[_/[w^ wt/[w^ [w/[_[ yy/y _y/y 

 b bup/pp[ bt/pp[ _w/pp_ y[/y b`/b 

w y  u_[^/up u^/up y^/u` y[/y u`/y 

 [ p``/[w^ pw/[w^ w^/[_y yy/y _y/y 

 b twt/ppy tu/ppy [t/ppp yy/y ww/y 

^ y  uywu/up ub/up y[/u` yb/y / u[/y 

 [ [pt/[w^ [u/[w^ tt/[_y y[/y / ww/y 

 b [_^/ppy [_/ppy _p/ppb yy/y w^/y 

[y y  t_[_/up / / / /  

 [ yub/[w^ [y/[w^ `_/[_y yb/y / wu/y 

 b ytt/ppy yu/ppy t^/ppb yy/y wu/y 

  

 ����	R!� �	"O�|&	� ���E� ��� �GU 6"' �� L	

9�9� �� �R"� ���U �� ��� � !� . �� S� , ��t �

@A	��# 9��BC �	��9  ��	� ����� �R"� ��� 

6BOA	�� ��	G%�9 v�0� �V< �� �-�3 �V< ���  	�

�' ('�� $ �� 6' � ��	?� ���	
��'	B9 	%�� �� 

][`� �[�] 	O[[[ ' ��q! ���3	- ���9[` ]b` [

	
��.6'� $ � �O ��� Z��� ��� $ � I�#�  �� ���

��F� �S� , �� $�	' $	E ��9 �	�.  6'� �3} �� T�;

� �F� �39BC @A	3�#  ����9 ) �V��� 	� �3b[ (

������1� �� �6'� $ � )� '23� �� �
%O� ��� �

 .6'� L� 6�	*Q� W�	%A�A S� , ��A��*"� 09  �

�	E�	'� �� \'	!� �	�O�	%A ��	� �� W���  9	"A� . 

�0#� 	� 6'� |*?� �3 �A�RA	"�� �	��V< 6BOA f

@A	3�#	�� � f�	3 ��� 9��BC9� . !�	  

 

  ورق بيضوي ايزوتروپيك همگنبعد بيهاي طبيعي مقايسه فركانس -5جدول 

a b

 

ν �/�=  
 

ν ��/�=  

] 8,����[  ] 8,��[[[  ] 8,��[`[  �Q	N ���� ] 8,����[  ] 8,��[[[  ] 8,��[`[  �Q	N ���� 

y/[  b[bw/t  b[^/t  b[bw/t  b[but/t   _uy[/`  _ut/�  _uy[/`  _uy[p/`  

{/{  wuub/`  wwb/`  wuub/`  wuu[u/`   ``_^/�  `t`/`  ``^y/`  ``_^t/�  

b/[  `ptu/`  ``b/`  `ptu/`  `ptt_/`   [tbu/�  [tw/`  [tbu/`  [tbt^/�  

`/[  ^_^_/p  ^^y/p  ^_^_/p  ^_^_b/p   wuw^/�  wwp/p  wuw^/p  wuw_w/�  

w/[  uyw_/p  u[w/p  uyw_/p  ����{/�   `ttt/�  `up/p  `ttt/p  `tt`_/�  

y/b  p_uu/p  p^^/p  p_uu/p  p_uu[/p   b_[p/p  b^b/p  b_[p/p  b_[bw/�  

t/b  [u^_/p  [_^/p  [u^_/p  [u^_[/p   [y^_/�  [b_/p  [y^_/p  [y^_y/�  

y/p  ypw_/p  yuu/p  ypw_/p  yp_wp/�   yy[`/�  ybw/p  yy[`/p  yy[`[/�  
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  نشريه مهنــدسـي دريــا
  انجمن مهندسي دريايي ايران

  

 
  

  نسبت قطرها برحسب FGبعد ورق بيضوي هاي طبيعي بينحوه تغييرات فركانس - 3شكل 

  

9� ��� 6�BU f�	3 ���� �� ��� ��� 	� �� ��- � �	�

����� ��� �� ��� ����7� 6BOA f��0#� 6"' �� �

��� �F�9� f�+ �� ���� �� 	!�= ��	O� ��� .���

��� ����� �	�FG  ���  ��	� �� .6'� ��	U 0�A

 ��� S�� 9��BC @A	��# �' �����P� ����"A �D�Q��

FG  6BOA \ON��ba /  ��� ��p  $ � $��� L	?A

.6'�  

�	R!� �6'� |*?� �F� ��� �� �3 �A�RA	"�9  �3

A�  N�� 	� ����� 	>=	�� 6BO9� � �	���%?� �� 
� �

� g2%&��@A	3�# �	�� L� S	N .���� ��,� 9��BC-

� f��0#� 	� �3� f�	3 ���7� g2%&� �� 
� �6BOA �

�9@A	3�# ���	
� ��!�� �"Q . �	�	��  0�A ���

\A	M� � �%#	� f�	3 ��� 9J*?� �� 
� 6"' �� ���

9�. !!�  

 S� , ��u A 0�A	%�h�	3  3 �� $ �� 6' � W����� 

����  ���FG 	%A 	��M9 �C �� �3� L	"�� ��0#� T�A x

 �� ��ABAQUS 	
� ���� $ �� 6' �� 8<�� �O

 .6'� $ ���� �3 6'� �3} �� T�;� S ��	'� T�A-

��0#�� � �� ��b[`py  D�A �� L	"��C3D20R  �� �3

�' f!� D�A/ ��� )3D stress L �'� ���� �6'� (

!s"� .6'� $ � $�	G%'� $ � ��R"� @A	��# ��� ��

 S � ��	' ��B� ����FGM  �� ���0#� T�A ��� ��

 ���� 6�	*Q �	%'��by  )���� )%*� �R"� $�	�

 9��A	�� H��& 9M�� � ���P� $��A g��� �� $ �

9� 6�	*Q �	%'�� �� ��� ���� ���� . �	�

A ���� �	�	����� .�� �� 0Lanczos  $�	G%'� $ �

.6'�  

	%A r��*%'� �����R"� ���0#� T�A W9� @A	3�# ���� 	�

'���9 "C� 	>A� 6<� �� 	� 6#�E ���<� .��� �U	N L	!

� ���@A	3�# �' S� , � �9 �� � ��� S������  	�

 �-�3 D	�� �� v�0� D	�� 6BOAb  6�	*Q 6BOA �

 �-�3 D	�� ��yt/y  ���� 	����� (�  � ��	G%�

|&	� ���E��� L		%A .6'� $ � $����  N�� 	� ���� W

@A	3�# �3 6'� L� $��E S� , �� ��,��	��  6' �

� .�� �� $ ���O� 0%��0A �	�	%A �� �� W �� �� L	"��

T�A �� ��0#�ABAQUS �9. !�	�  

 S� , �� �L	����E |&	� ��X	� 9'��� ��k!� ��w �

��	+ 9��BC @A	��# ����� ��� �� Z���� ��FGM2 

���� 	� |&	� ��	G%� ���	
� � )%*� ���� (

 v�0� D	�� 6BOA ����� ��� .6'� $ � �4��� L	����E

 �-�3 D	�� ��b  D	�� �� 6�	*Q 6BOA � $���

 �-�3yp/y .6'� $ � I�#  
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  نشريه مهنــدسـي دريــا

  با شرايط مرزي مختلف FGM2 يضويبعد ورق بيبسه سه فركانس طبيعي اول يمقا -6جدول 

2

3λ  
2

2λ  
2

1λ  .�� D�A  ��� (����� 

���z�/z  �����/�  �{��{/�  0%�� ����  
��F�$�	' $	E 

z����/z  {��{�/�  ��{��/�  (K�3	��) �� �� L	"�� 

��{�/�{  �z��/{�  �����/�  0%�� ����  
�����E �B� 

��z�/��  ����/{�  �z��{/�  (K�3	��) �� �� L	"�� 

{���{/�  ����z/�  ��z��/{  0%�� ����  
���� �B� 

�����/�  �����/�  ���z�/{  (K�3	��) �� �� L	"�� 

  

2ه (يپابعد يب يهابر فركانس )g( انيگراد شاخصر يتاث -7جدول 

1λ (يضويورق ب FG مختلف يط مرزيبا شرا  

g  E �B������  ��F�$�	' $	E  ���� �B�  

�  �����/� pyppu/p  uuwut/[  

[  �����/�  b[bu[/p  ub[_p/[  

b �z���/� [_[_p/p  uyub^/[  

�  ��{��/� [uu_p/p  �z���/{ 

` �����/� [t_[u/p  t^`p`/[  

� tb_by/u  [tbub/p  t^[tt/[  

�  tb`[t/u  [`__b/p  t_^ub/[  

�  t[^`t/u  [`uyw/p  t__b`/[  

�  t[`[w/u  [``yy/p  t_w[^/[  

z  t[y_t/u  [`b`y/p  �����/{ 

{�  ty_by/u  [`[[b/p  t_tw`/[  

{{  tyuyu/u  [`yy^/p  t_tbb/[  

{�  ty`b^/u  [p^bp/p  t_`w^/[  

  

9� $ �� S� , ��� �� �� ��VA	"���� �� ����� 

�	
� �"�� �|&	� ���E���� � L	���� (�  	� �)%*�

�0#�� fn@A	3�# ��0#� 9��BC �	��� f9 �� . !�	� �

�� �� ���� ��� �3 6'� L� �	���� ���  9%G' ��;	�

���%?� � L	?A ��& �� ��9  �� �� ��R�� �%FA . ��

�� S� , �� �r	%!%'� 9�@A	��# f�	� ��� �	�

�0#� ���� �� ��� 9��BC� f|&	� ���E�� L	9 . �	�

 ��� �� �� �A�RA	"� ����b 9� $ �� f��0#� 	� ����

 |&	�9� f�	� ��� 9%G' ('�%� �� 
� �L	����E -

. �	� @A	3�# f�	3 ��A�0#� 	� 	�� f|&	� ���E� L	

� f�	39�� $ �	?� ��� ���A �� � �	9 @+ �� ���

L� �� �3|&	� ���E� �� L	w ��� �%?9� ����E� �

P���@A	3�# ���	
� �� 9>,�� ��	< �	��  ��� 9��BC

"A $ �	?�9) (���� K	'� �� �� ��- ����b) � (p 	� �(

 L��� ��� |&	� L	����E9� 6"' �� �6�	>A

 ��� 9��A	�� �	�U�J&FG  $�	� �� 6"' ��

9� ��� �R"� !�.  

 S� , ��_ �� @A	3�# W!+9� ��� S��  ������ 

FGM1  	� �-�3 D	�� �� v�0� D	�� 6BOAb  �

 �-�3 D	�� �� 6�	*Q 6BOAyt/y �� �� K	'� �� �

� .��� ��0#� T�A �� �� �� L	"�� � 0%ABAQUS 

.6'� $ � �4��� ��	%A ��� = W� ���� ������� (� 

���E |&	� I�# 	� � )%*��$ � �B'	��  N�� L	 -

 . A�A��*"�9 \'	!� ���	
� ��� = �� @A	3�#	�� 

BC��9 �9 �� �� �3  ��$ �� 6' � )%*� .��� A� 

�� �N .�� 6�U���� �� �Q	N ��  $�	�FGM1 

	����  9. !3  
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  نشريه مهنــدسـي دريــا
  انجمن مهندسي دريايي ايران

  

  با شرايط مرزي مختلف FGM1 يضويبعد ورق بياول ب سه پنج فركانس طبيعييمقا -8جدول 

2

5λ  
2

4λ  
2

3λ  
2

2λ  
2

1λ  .�� D�A  ��� (����� 

����/��  ����/��  ����/��  ����/{�  �z���/�  0%�� ����  
��F�$�	' $	E 

����/��  ����/�{  ���z/��  ���{/{�  �����/�  (K�3	��) �� �� L	"�� 

����/��  ����/��  z�{�/��  ��{�/��  {���/{{  0%�� ����  
�����E �B� 

���z/��  {��z/��  ����/��  ����/��  ����/{{  (K�3	��) �� �� L	"�� 

����/�{  ����/��  ����/{�  ����/{{  ���{{/�  0%�� ����  
���� �B� 

�{��/��  ��{�/��  {���/{�  �z��/{{  ���{�/�  (K�3	��) �� �� L	"�� 

  

 �L	�	+ ��L� ��k!� ���J� � �%>� o�� �3� �

������� ��� .	���� $��A �� 6BOA	�� �����  �

!s"��	���� �� �	����9 L�	
%�/  �L�	
%�

�	+L�	
%�/ �	+L�	
%� �L�	
%�/ �	+ � L�	
%�

�	+L�	
%�/ �� �� ��� �U	N L�	
%��  �F� ��

	����� � ������� FGM '���6'� $ � l � .� �

	������ ���k!�� ��BC @A	3�# �� 	� ��	!%� $j��9 

� .6'� $ � �B'	��� �� $�	G%'� 	� ��	3 ��  3 �

h�	3����� T�A �� �3 ��0#�MATHEMATICA 

6'� $ � T	MA� �$ � $��� ��'��.  

	���� �F�� �� Z����  ���FG  �3 ���� �B� 	�

�����  6�	*Q � v�0� D	�� ��-�3 D	��[ �p  �

yb/y  �%��9 �	��  ��� ��` $��� L	?A  .6'� $ �

�	"� ��9 �� ������ |&	� ���E� 	� ����� L	�� �9-

 . �	� 9��BC @A	��# �� 
� �� 6'� ��} �� T�;

 ��� ��� �� 	� ��	!%�) 0��� \ON��Hz ( L� ��� ��

.6'� $ � $���� !s"�� �� ��k!� ����'�9 X	�� �

������� (� �	���� �	%#� ��9 ���	�� ����� �

�� ��� ��� 	� ��	!%� ��� �F����� (� F��� $	E

E �B� � $�	'���� �� �������F� �� �\	�� t  �u �4��� 

.6'� $ �  

  

  گيرينتيجه -5

��	
� ��  K	'� �� ���� �	�	���� ���� �� ��Q	N

�",  !- .�� � ��� ��'23 ���1��� /  ���� 0%��

��� ����� �	�FG  �B� ��	� )%*� ���� (���� 	�

��F� � ���� ������E 9=�!%� ���	
� �  � �4��� $�	' $	E

@A	3�# ���4��� � �B'	�� ;	� 6<� 	� 9��BC �	�  

  

9� �3  ���E���� ��  !A��� � 9�	���� )%*� �	�

 �	"%=� ��	< 9N��C �� �� L �'� ���� 9F��	!��

� �����O�	
� . A��E ���< $�	G%' $ � �4��� D�!%� �	�

 ��,�� ���	
� � $ � T	MA� ���	V� �� �U	N W�	%A ���

S � �� �U	N W�	%A ��!s"� � 8�	!� �� L	"�� ��	'

 �� .��� L	?A �� �Q	N ���� 6�U 9��& �� ��� ��

 f�	3 �$ �� 6' � �,�� \�	, W�	%A �",@A	3�# -

 �� ����� ��� 9��BC �	� 6BOA f��0#� ����

 6�	N �� ��� �' !� �%#�E �U	# � L� �	��V<

9� ������@A	��# �3  � $ �� ���!s"� . �	� �	�

 f�	3 �L	����E |&	� f��0#� ���� �� ��� 9��BC

9� ('�%� �� 
� f�	3 ���� �� D�Q�� ��� �3  !�	�

9� 6�	N ��� �� ��� 9%G' �F� ���!s"� . �	�

 ��� )%*� �	����FG  $j�� �	������ �B'	�� �� �3

 (���� ���� � � �U	N 9��BC @A	3�# �� 	� ��	!%�

. � �4��� )%*� ����  
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  نشريه مهنــدسـي دريــا

 

 

 

 

Free (AA) Free (SS) 

 
 

  

 (a) 8.22968 (a)  3.56138 

  
 

 
(b) 25.8107 (b) 17.1657 

  
 

 

(c) 50.8416 (c) 31.0491 

   
 

(d) 86.5044 (d) 40.9237 
  

  با لبه آزاد FGM يضويك ورق بيپادمتقارن  -متقارن و پادمتقارن -تقارنشكل مودهاي م - الف- 4شكل 
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  نشريه مهنــدسـي دريــا
  انجمن مهندسي دريايي ايران

  

  

  

 

Free (SA) Free (AS) 

 
 

  

(a) 16.2200 (a)  9.12169 

    
(b) 37.3032 (b) 27.6648 

 
 

  

(c) 67.6490 (c) 42.3712 

 

   
(d) 86.5044 (d) 56.8103 

  

  با لبه آزاد FGM يضويك ورق بيمتقارن  - پادمتقارن و پادمتقارن -شكل مودهاي متقارن -ب- 4شكل 
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  نشريه مهنــدسـي دريــا

 

 

  

  

Simply support (AA) Simply support (SS) 

 
 

 
 

(a) 63.7805 (a)  14.2736 

 
 

 

 

(b) 93.2251 (b) 29.9934 

  
 

 

(c) 137.711 (c) 54.9838 

 
 

 
 

(d) 219.213 (d) 109.007 

  

 ساده يگاههيبا لبه تك FGM يضويك ورق بيپادمتقارن  -متقارن و پادمتقارن -شكل مودهاي متقارن - 5شكل 
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  نشريه مهنــدسـي دريــا
  انجمن مهندسي دريايي ايران

  

 

 

 

 Clamped (SA) Clamped (AS) 

 

 

 

 

(a) 79.1078 (a)  37.7329 

 
 

 

 

(b) 106.618 (b) 59.5385 

 
 

 

 

(c) 144.283 (c) 91.2537 

 
 

 

 

(d) 214.297 (d) 148.664 

  رداريبا لبه گ FGM يضويك ورق بيمتقارن  -پادمتقارن و پادمتقارن -شكل مودهاي متقارن - 6شكل 
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